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Abstract. An effective non-local quantum field theory is constructed, which describes the interaction of
pomerons in high-colored QCD. The theory includes both splitting and merging triple pomeron vertexes
and diagrams with pomeronic loops. The Schwinger—Dyson equations for the ‘physical’ pomeron are written.
Conformal invariance allows one to reduce the theory to the old-fashioned Gribov pomeron theory with an
infinite number of pomerons, one of which is supercritical.

1 Introduction

The high-energy behavior in QCD with a large number of
colors N, is described by the exchange of hard pomerons,
which split and merge by a triple pomeron vertex. Ex-
change of colored objects (single gluons) is damped by a
factor 1/N2. In the interaction with heavy nuclei, the lead-
ing contribution comes from diagrams without pomeronic
loops (tree diagrams). Summation of these is achieved
by a closed equation for DIS (the BK equation [1-4])
or a closed pair of equations for nucleus—nucleus scatter-
ing [5—7]. Some estimates of the contribution from loops
were made in [8,9]. To take into account the contribu-
tion from pomeronic loops in a consistent manner one has
to consider the effective pomeron field theory introduced
in [5-7] as a full-fledged quantum theory. The present
study is devoted to this aim.

Note that pomeronic loops have lately also been ac-
tively studied in the framework of the color dipole picture
in the so-called JIMWLK approach (see e.g. [10] and refer-
ences therein). There, the evolution in rapidity of a state,
considered as a functional of the gluon field, is governed
by a certain Hamiltonian made of the field and functional
derivatives in the field. Taking loops into account leads to
a Hamiltonian containing functional derivatives up to the
fourth order [11]. In our approach a quantum Hamiltonian
can also be introduced. However, it contains functional
derivatives only up to the second order and so is consider-
ably simpler than in the JIMWLK approach.

In this study we restricted ourselves to a rather formal
treatment of the perturbative diagrams for the pomeron
interaction with or without loops. We construct the rel-
evant Schwinger—Dyson equations for the full pomeron
Green function and also discuss their conformal (M6bius)
invariance, which hopefully may simplify their analysis.
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In fact we are not very optimistic about a realistic calcu-
lation of the amplitudes with pomeronic loops included.
This problem presented enormous difficulties already for
the much simpler old-fashioned Gribov local supercritical
pomeron model, so that even its internal inconsistency was
claimed [12] (see also [13] for a discussion of this incon-
sistency). Possibly the more complicated structure of the
BFKL pomeron and its interaction may overcome these old
troubles. However, in the present study this problem is not
touched but left for future investigations.

2 Effective action and diagrams

2.1 Effective action

Our main tool will be the non-forward BFKL Green func-
tion as a function of gluon coordinates and rapidities,
which satisfies the equation

(aaerH) g(y—y'sr1,ro57y,1h)

= 5(y — y/)vl_2v2_252 (7“11/)(52 (7“22/) s (1)
where r1;» =r; — 7] etc. and H is the BFKL Hamilto-
nian [14, 15]:

a 1 1
=y (i ettt - 40()).
p1 p3 @)

p1 and py are the reggeized gluons transverse momenta,
and & = as N, /7. To economize on notation, in the follow-
ing we shall denote as z the point in the space formed by
rapidity y and two transverse vectors r1, ra:

z= {yarh’r?}: {ya Q}'
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In this notation we write g(y —y';r1,72;71, %) = g(z, 7).
The Green function g(z,2’) is invariant under conformal
(Mdbius) transformations of coordinates r1 and r2. In com-
plex notation, r = x = iy, these transformations are

T/:O‘T"i'ﬁ /*:O‘T*‘i'ﬁ
yr+4’ yre+48"’

with ad — By = 1. The inverse function g='(z,2’) defined
by

/ d"g~Y(z, 29", ") = 6(z — 2, (3)

where dz = dyd?r1d?ry = dydp, and d(2) = d(y)x
§2(r1)6%(r2) = §(y)do, is however not conformally invari-
ant, since the measure is not conformally invariant. It is not
difficult to construct a conformally invariant inverse gi;‘ll
using the invariant measure:
2. 32
dT:dTld 7“2. (4)

4
T12

Then we can rewrite (3) as
/ dy”dT”rﬁg 1
This shows that the conformally invariant function is

Iz, 2y (6)

Now we pass to constructing the effective non-local
quantum field theory, which is to describe propagation of
free pomerons and their triple interaction. It has to gener-
ate all diagrams built from the pomeron propagator, which
is the Green function g, and the triple pomeron vertex in-
troduced in [16—19]. Let ¢p(z) and p4(z) be two bilocal
fields for the incoming and outgoing pomerons. To repro-
duce the correct propagator the free action Sy has to be

So= / dzd2'pa(2)g (2, 2 ) (2). (7)

(2, 2"y g(2" 2') = 1yd(2— ") . (5)

gi:nlz(zv Z/) = 7“41129

We introduce interaction with external sources as
- / d2pa(2)J5(2)+ (A< B). (8)

Here the sources for the projectile A and target B are dif-
ferent from zero at rapidities y =Y and y = 0, respectively:

Ja(z)=Ja(0)d(y—Y), Jp(z)=Js(0)d(y). (9)

Finally the interaction to reproduce the 3P vertex at large
N, has to be taken in the form

2021\7 2ry d2ry d?r
/ > 22 ®op(21)pn(22) Liapa(zs)
7“127"237"31
A < B (10)
where z1 = {y, 72,73}, 22 = {y, 73,71}, 23 ={y, 71,72} and

the conformally invariant operator Ly is

L12 ZT%QV%Vg . (11)

M.A. Braun: Conformally invariant pomeron interaction in perturbative QCD with large N¢

Note that the form (10) assumes the fields to be symmet-
ric in the two space points 1 and ro. In fact the symmetry
properties of the fields are determined by symmetry prop-
erties of the external sources. We assume them to be sym-
metric under the interchange r1 < ro.

This action leads to BFKL pomeron diagrams with the
standard 3P interaction in the presence of an external field.
Note that the signs of different building blocks of the dia-
grams are somewhat different from the standard ones: the
propagator g and external sources enter with a minus sign
as a consequence of the choice of signs in the action. This
latter corresponds to the desire to make the interaction real
and not pure imaginary as in the original Gribov reggeon
field theory.

In the absence of the external sources this action is
explicitly conformally invariant provided ¢p and ¢4 are
invariant. Indeed the free part can be rewritten as

So= [ dydy'drar'eaairy (=t () (12)

and the interaction part as

202N,
si=""0 [ ayay ay'drar dron(:)en()
™

x (2, 2"|2) Liapa(2) + (A« B), (13)
where y(z', 2"|z) is the bare interaction vertex for the in-
coming pomeron at z and two outgoing pomerons at 2’

and 2”:

3(y —y")8(y —y")8% (r12r)8° (r119m)8% (r1rs)
(14)

V(2 2"z) =
X ?"%27‘%/2/?"%//2// .

This is a conformally invariant function. Since both
g7 (2, 7)), and y(2, 2”|z) are conformally invariant,
so is the action S+ S1. Of course, in physically relevant
cases conformal invariance is always broken by the external
sources, which also introduce a mass scale into the theory.
As a result the contribution from any Feynman diagram
without external sources is conformally invariant, which
becomes explicit if one uses the invariant integration meas-
ure dzi,, = dydr and the invariant interaction vertex -~y
given by (14).

Finally, note that from (1) it follows that as an operator
in the z-space

0
-1 2
g (2,2) =V (8y+H> §(z—2"). (15)
Here we use the notation
V2 =ViV;. (16)

Note that the operator VzH is symmetric:
o
VeH =, (pip3 In (pip3) +p3 Inriop? + pinrisp}

— 4y (1)pip3). (17)
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As aresult Sy can be written directly in terms of the BFKL
Hamiltonian:

0
SO:/dydggaA(y, Q)VZ (8y+H) ¢B(Y, 0)

= / dydevs(y, o)V, (— ;y +H> ea(y,0).
(18)

In this form the symmetry between the projectile and tar-
get is made explicit: it has to be accompanied by changing

Yy——y.
Using for H the representation [20]
Hf(ry,m2)
a d?r3ri,
= f(ri,re) = f(r1,r3) — f(ra,73)),
o [ Frnr) = F o) = fra )
(19)

we can rewrite the free part of the action in a more explicit
form:

50:/dyd2r1d2r2<p,4(y,?"1,r2)vz

0 a [ d?rsri,

X {ay<PB(ya?"1,?"2)+ 27r/ r2,2,
(pB(y7 T2, 7"3)) } .
(20)

X ((pB (yv 1, TQ) - @B(y7 r1, T3) -

2.2 Diagrams and their order of magnitude

The quantum field theory described by the action S = Sy +
51+ Sk allows one to construct the perturbation theory
by the standard technique, expressing the amplitude as
a sum of Feynman diagrams. It is instructive to see orders
of magnitude of different contributions in terms of two in-
dependent small parameters of the theory, @ = asN../m and
1/N..

First we note that the smallness of these basic param-
eters allows one to neglect other contributions, apart from
those appearing in our effective theory. The smallness of &
allows one to drop higher order corrections to the BFKL
pomeron itself. The smallness of 1 /N, allows one to neglect
contributions from the exchange of more complicated col-
orless structures than the BFKL pomeron, which appear
if one takes into account the full interaction between the
reggeized gluons and not only its leading part in 1/N, [16,
17]. It also allows one to neglect higher order transition ver-
texes from m to n pomerons [19].

In the remaining effective theory each triple interaction
contributes &% /N... The final estimate depends on the mag-
nitude of the external source. If we treat it perturbatively
to be consistent with the whole approach, then it should
correspond to the quark—antiquark loop, from which we ex-
tract its order, which is &@. As a result, the diagram with lg
external lines (sources) and L loops has the order

_o N\ 2L+Ilg—2
N &2 E
a'E .
N,

(21)
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As one sees, for a given number of external sources, the
dominant contribution comes from the tree diagrams, each
loop introducing a small factor a*/NZ2. This implies of
course that at @ln s ~ 1 the loops are suppressed and need
not be taken into account.

However, this pure counting does not take into account
the growth of the pomeron propagator at large y as exp Ay
where A is the BFKL intercept, nor the enhancement re-
lated to the nuclear sources with large atomic numbers. For
the AA collision amplitude with the overall rapidity differ-
ence Y this changes (21) to

az 2L+1lg—2
@avsys (3) e, (22)
N,

where n is the maximal number of the exchanged pomerons
at a given rapidity. This number depends on the topology
of the diagram and generally grows with Ig and L.
So, for
aAl? ~1 (23)
one has to sum all tree diagrams, and for rapidities Y such
that

(24)

one has to sum also at least some of the loops. For onium—
onium scattering (Ig = 2) a convenient method to sum the
leading contribution is to join two sums of tree diagrams
starting from the projectile and target at mid-rapidity [8].

However, all these perturbative estimates are to be
taken with caution. The full pomeron Green function may
have an asymptotic behavior at large y very different from
the bare one. In fact there is every reason to believe that
the former will grow at most as a power of y, not as an
exponential. Then all the above estimates will have to be
reconsidered. Indications for this come from the study of
a similar (but much simpler) old Regge—Gribov model for
the supercritical pomeron. It was concluded that in all
probability the model was inconsistent unless the physi-
cal pomeron became critical (A =0) or even subcritical
(A <0) (seee.g. [12]). Unfortunately these results have not
been obtained in a reliable manner up to now.

3 The pomeron Hamiltonian and operators

With the action fixed, one can easily construct a Hamil-
tonian formulation for the state evolution. Since the La-
grangian is of the first order in derivatives in rapidity, the
Hamiltonian is just the action without the derivative terms
with a minus sign and integration over y dropped:

2OLQN / d27“1 d27“2 d27“3
T12T23T31
(A< B)},

/ dopa(e)VaiHes(0)

X {<PB(Q23)<PB(931)L12¢A(Q12) (25)
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where go3 = {72,735} etc. To pass to the quantum theory
one has to consider ¢4 () as operators. Their commuta-
tion relation can be easily established from the form of the
free Green function,

9(y—v'50.0)=—(T{ea, 0paly’,d)}) .  (26)
From (26) we conclude
(;)y +H> (T{eB(y,0)paly’;)})
=d(y—v) By, 0), paly, 0], (27)

where we have used the equation of motion for ¢p. Com-
parison with (1) gives

leB(y,0),0a(y, )] =—V,%6(e—¢).

Thus in a representation in which ¢ (o) is diagonal and
the state vector is a functional {5 ()}, the field @4 is
essentially a functional derivative:
ve 0

¢ den(e)

The state with a given field ¢ 4(0) will be represented by
a an exponential,

(28)

palo) = (29)

Y, 0{pB}) = et dovp(0)Vy palo) (30)

The state vector will satisfy the evolution equation

dv

=HY
dyH’

(31)
where in H g, given by (25), one has to substitute the field
pa by functional derivatives. In this substitution, as al-
ways, the order of the operators is actually undetermined.
If we put all the derivatives to the right (‘normal order-
ing’), then explicitly

24— a / d?r;d?re d2r37“%2

2w 7"%37"33
8 {[<PB(912) —¢B(013) —¢B(023)] dpp(012)
—4dma [SOB (13)¢5(023) 5@3(2912)

. (vgzwﬁjgw)) (%25903(2923))13}2)'

One can pass from this squttarget representation in
which the field ¢ p is diagonal to the squtprojectile repre-
sentation in which it is ¢ 4, which is diagonal, and ¢p is
represented by a functional derivative:

]
2
¢ dpale)’

In this representation the Hamiltonian will be obtained
from (32) by interchanging A and B and changing signs of

ep(0) = (33)
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derivatives. The state vector will be obtained by a quasi-
Fourier transformation using (30).

One can construct a formulation in which the symmetry
between target and projectile is more explicit. To do this
one can pass to slightly different field variables for which
the BFKL Hamiltonian becomes symmetric. The form of
these new variables is clearly seen from the commutation
relation (28)

\/ng (y,0) =Tpaly; 0,

\/VQQOB (Y, 0

V2 has a simple form in the momentum

=Tep(y,0) (34)

(the operator

space). For them the equal rapidity commutation relation
takes the form

6(e—0).

One can also assume that the scalar product of state vec-
tors is chosen to make ¢ and ' Hermitian conjugate to
each other. In the representation in which, say, o' is diag-
onal with complex eigenvalues «, we take (up to a normal-
ization factor)

oy, 0),0' (y,0) = (35)

(| W) = / DaDa* ¥ (o* )Wy (a)e~ S dee” (@) (36)

Then indeed

(1| (o)1)
:/DaDa*Wl(a*)Wz(a)a(g)e*fdg/a*(e')a(e')

1)
J doa*(o")eu(e))
<>>e

= /DaDa* ¥ ()W () <_5a*
)

:/DaDa*Wz( )e —Jadar( a(g)(s

= (p(0)¥1]¥2) .

Thus the two quantized fields o(y,0) and ¢f(y, o) ac-
quire the standard meaning of annihilation and creation
operators for a pomeron at rapidity y and space points
0= {T17 7’2}.

In terms of these new field variables the free action
takes the form

Soz/dydg)(p(g)T (aaerH) T~'o'(0)

0 _
= / dydoy(o) (8y +H> ¢'(0), (37)
where the new Hamiltonian for the pomeron is
H=THT!
~ 2 2
« p3 2 [P1
— Inp? +1Inp? + Inr
2 ( 1 2 p% 12 p%
2 2
p p
+\/ éln@\/ 3—41/;(1)). (38)
p3 b1
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It has obviously the same eigenvalues but is Hermitian
(and real). Using its hermiticity we can revert the order of
operators in (37) and write Sy in the ‘normal order’ form

So = / dydey' (o) (— gy +H> (o).

This form explicitly shows the symmetry between tar-
get and projectile, which is quite similar to the usual time
reversal: one has to change ¢ <+ ¢!, y — —y and revert the
order of all operators.

In terms of new field operators the external part of the
action acquires the form

(39)

Se=— /dz ()T B (2) + ' Ja(2))

=- [az(ete

J(z)=T"

(z)+h.c), (40)

where

Ya(z), JHz)=T7"'Jp(z). (41)
The interaction part becomes rather complicated, involv-

ing several operators T" or their inverses:
7“1 d27“2 d27“3

2a N, /
T12T237"31

(T o' (y, 023)T o' (y, 013)r1, Tp(y, 012) +hec.) .
(42)

With the physical meaning of the operators ¢ and
o' well established and indeed standard, the analysis of
the evolution becomes trivial. Let us follow it for free
pomerons. Then their number is conserved and actu-
ally the only connected diagram corresponds to a single
pomeron. Such a state is to be constructed as a superposi-
tion of single pomerons at different positions o:

v(y) = [ dof(v 0! (o). (43)
where ¥ is the vacuum state which obeys
v(0)% =0 (44)

and is normalized to unity (we assume the Schrodinger-like
picture with operators ¢ and ¢ at fixed rapidity). At the
initial rapidity y = 0 the pomeron wave function is deter-
mined by the external current:

7(0) = [ doTH(0)¢! (0100 (45)
where we recall that .J is the spatial part of .J. This state
evolves to the final rapidity Y at which we are interested
in the amplitude Ay; to pass to a specific final state deter-
mined by the current at y =Y

v = [ doro)t 0

(46)
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One has
Api = (G| (Y))
- / dodg' 7(0)f (4, &) (ol (e’ (¢)|To)
~ [ deT@f.0). (47)

where we used (35) and (44).

The law which governs the evolution of the wave func-
tion f(y, o) follows from the general Schrédinger equa-
tion (31) and the form of the Hamiltonian #. The free part
of the latter in terms of new operators has the standard
form

Ho =~ [ ded! () He(2), (48)
so that from (43) one immediately finds the equation
af(:u: Q) [
=—H 49
9y fy,0), (49)
with a formal solution
£ =< 50) = [ 0900 00.0)70). (0)

Here g is the Green function for the operator 9/0y + H
which can be written as an operator in the coordinate space

gy) =0(y)e™ " (51)
Using this we obtain for the amplitude
Agi= /dngJ( )9(y, 0:0,0) (). (52)

Returning to the initial external sources and the Green
function we reproduce the standard result

Afi:/deQIjA(Q)g(y, 0;0,0)Jp(¢).  (53)

Indeed we have

] ! ] -
- 7 o -1 _
g—(ay—l—H) —T(8y+H) T-'=TgT. (54)

Putting this into (53) gives (52).

4 The Schwinger—Dyson equations
for the pomeron Green function

4.1 The pomeron self-mass
The pomeron self-mass operator starts and finishes with

the three-pomeron vertex, which contains the operator L
acting on the incoming and outgoing pomeron propagator.
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As aresult, the Dyson equation for the full pomeron Green
function G(z, ') takes the form

Gle,) = (el ~ [ i a2y, [ 91 V3002, 2)]

x 2(3,7) [i/fzvﬂlv%a(z, z')} . (55)
where we have explicitly shown how both operators L act
on pomeron propagators (the minus sign in front of the
second term is due to the propagator being in fact equal
to —g). Applying to this equation the operators L from the
left and from the right, we find

G(z,2")=§(z,72) /dzmvdzmvg(z HX(z,2)G(#, 7)),
(56)
where we define

G=LGL, §=LgL. (57)
Equation (57) can be rewritten in an obvious operator form
as
G=§-3>xG, (58)

which is the standard form for the Dyson equation, except
for the sign.

Note that the self-mass X entering this equation is
a conformally invariant function, due to conformal in-
variance of both the pomeron propagator and the three-
pomeron vertex. As a result, the full Green function is also
conformally invariant.

To pass to pomeron squtenergies w we have to under-
stand how they are related in the three-pomeron vertex.
We in a standard way present

a-+ioco dw
= Wy
Gl = [ e, (59)
with the inverse transform
+oo
Glw) = / dye=“YG(y) (60)

In the lowest non-trivial order the contribution to G is just
a simple loop of two pomerons inserted into the pomeron
propagator. Let the rapidity intervals for G, the loop, and
propagators above and below the loop be Y, 3", y and ¢/,
respectively. Then, suppressing the integration over coor-
dinates and coupling at the vertexes, we have

=/dydy’dy”5(y+y’+y”—Y)
x9(y)g1(y")g2(y")9(¥') , (61)

where g; and g, are the propagators of the two intermedi-
ate pomerons in the loop. For G(w) we find

Glw) = / dydy'dy"e @4 ()91 (y") g2 (5" )9 (y)

=g(w /dye “Yg

Y)g2(y)g(w) - (62)
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The integral over y can be written in the form

a1-+ioco d ag+ioco d
/ dye_wy/ " / 2 elrten g (wn)gs (w2).
a]—ioco ag—ioco 27i
(63)

We can always choose w on the line
Re(w—wi; —wz) =0.
Then integration over y will give

270 (Im(w — w1 —wa)) .

Subsequent integration over, say, we will finally give

a1-+ioco d
/ dye™*Yg1(y)g2(y) = / “

1—ioco 27Tl
which result should be analytically continued to arbi-
trary w. This means that in terms of energies the three-
pomeron vertex formally contains

gl(wl)QQ(w - w2) s
(64)

2710 (w — w1 —w2) . (65)

That is, energies are conserved at the vertex.
Using this result, again in the lowest order, we find, ex-
plicitly showing the coordinates, (1,2) = {r1, 72},

4772 20l 320

SO,2)1,2) = 3% e / d“’?/”idf’ M
™ 2mi T31T31 T4 Th
X Gy (1,3]17,3") gu—uy (2,3[2/,3) .

(66)

To pass to the full self-mass we have to substitute the
full pomeron Green functions G for the propagators g and
change one of the three-pomeron vertices into the full one
I'. In this way we obtain

): 8043N2 / dwl /Tlgd T3
2 27i r3rd
X dT(lH’ 3//) 2// 4//

x G, (1,3[1", 3”)Gw,w1 (2,32",4")
% Fw,wl (1//7 2//, 3//7 4//|1/, 2/) . (67)

z.(1,211,2

In the lowest order the vertex is given by the spatial part
of y, (14):

F(O)(l//7 2//’ 3//7 4//|1/7 2/)

_ 52(1// _ 1/)52 (2// _ 2/)52 (3// _

ny,.2 2 2
4 )?"1/2/7'1//3//?"2//4// .

68)

4.2 The vertex equation

As in any quantum field theory with a triple interaction
the full vertex is determined by an infinite sequence of
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skeleton diagrams, containing the vertex itself and full
Green functions. In the lowest order one has the so-called
‘three-gamma’ equation. Its explicit form is rather com-
plicated due to the large number of variables. From the
corresponding Feynman diagram we find in terms of gluon
coordinates

I, (1,2,3,41,2)=r©1, 2,3, 41,2)
_ 8a3N3 / gwl / dT(l”, 2”)dT(3//,4//)(?17'(3”/,4”/)
Tl

X dT(i 2)dr(1’,2")dr(1",2")L(1',3)
( 3/|1l/’ 2//7 311’ 4//)Gw1 (1//7 2//|1///’ 2/ prime/)
XGw/_wl (3// 4//|3/// 4///)Fw Wy o (2/ 4/ 3/// 4///|1 2)

x L(1,2)G o, (1,211",2") T, o, (17,2, 17, 2'|1,2) .
(69)

wwl

In the shorthand notation ¢ = {r1, 73} and correspondingly

Gu(1,2) = Gulor, 02) = G(ri”, rV Py |
the equation for the vertex part can be rewritten in a more
compact form

I, (1,21 =191, 2/)
8atN?2 dwq
_ S [ 1// 2// " 4//
50 [ oo [ drenarana)
x d7(5")d7(6")L(1") [y oy, (1117, 2") Gy (17]6")
XGw/_wl(2H|3N) w0y o (2/ 3//|4//)L(4//)

X Gy (47[5") oy (57, 671) . (70)

5 Conformal (Mébius) invariance

5.1 Conformal basis

The basic building blocks of the pomeron perturbation the-
ory — the propagator g, the bare three-pomeron vertex ~
and the integration volume dr — are conformally invari-
ant. As a result also the full Green function G, self-mass X
and vertex I are conformally invariant functions of their
arguments. It seems profitable to use this property to sim-
plify the Schwinger—Dyson equations. To do this we have
to study a general form for the conformally invariant func-
tions for the transitions pomeron — pomeron (squttwo-
point functions) and pomeron — 2 pomerons (squtthree-
point functions). This can be achieved by expanding these
functions in the conformal basis formed by the functions
(in complex notation) [21]

17"+iu * 1+"+il/
12 2 T12 2
E :E =
#0) = Eylri,r) (?"10?”20> (TTOTS()) 7
(71)

where p = {n,v,ro} = {h, 7o} with n integer, v real, and
the two-dimensional transverse ry enumerate the basis.
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The functions E,, (o) are the proper functions of the op-
erator L:

478
LE#(Q) = luE,u(Q) o lu= ) (72)
An+1,0An—1,v
where
7 1
Qp,y =0ay = 9 y2—|—n2/4' (73)
They form a complete system:
1
4 _ *
rizd(e—0) =, %: Eu(0)E;(d), (74)
where we use the notation
Z Z / dv / d?ry, (75)

n=-—oo

and we satisfy the orthogonality relation
/ ATEL(0)E}(0') = an w8 6(v — )8 (roer)

n

+bnl/5n,—n’5(l/+l/l)|’l"00/| —2—4iv <T00/> )
00/

(76)

The coefficients b,,,, are given by the formula

24V I(—iv+(1+|n|)/2)T (iv+ |n|/2)

—iv+|n|/2 (iv+ (1+|n|)/2)(—iv+|n|/2)
(77)

by =T

The functions E,, are not linearly independent. In fact

b o (Too \"
Bnur(e)= 0 [@rtiron 2 (50) B, 0,
nv

Too’
(78)
Presenting a function f(o) by
~ [ agéte-&)1(e) (79)
and using the completeness of (74) one gets
1 *
:2/dT/ZEH(Q)EM( ZE o) fus
n
(80)
where
fu= [ arE (@10 (81)

This gives the standard expansion in the whole overcom-
plete basis.

However it seems possible to limit oneself to an inde-
pendent part of this basis. One possibility is to take a re-
stricted basis with v > 0 (v < 0). We denote this restriction
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by > 0 (u < 0). In fact we may split the integration over v
in (80) into two parts:

:;ZE#(

u>0

ZE

;L<0

Afus  (82)

and, say, in the second term express the eigenfunctions F,,
with p < 0 via those with g > 0 using (78) to obtain for the
second term

b_n_w _9o_4iv T o
Y Ml Lol G IS}

u<0 —n—v Too’
(83)

Changing the summation and integration variables n —
—n and v — —v we get for this term

—oaiv [(To0r )
D DT e R (i R )
,u>0 nv
(84)

Interchanging also ry and r{, integrations we finally find for
it

Z E f# 9 (85)
;L>0
where
fT bny /d2 ’ | |72+4i1/ TS’O " (86)
= T 1| To! .
© Ay 0J—n,—v,ry 0’0 To'o

Summing this with the first term in (82) we get the desired
expansion in the states with p > 0:

ZE

;L>0

)(fu+ fu) = (87)

ZE#<Q))‘#

u>0

Integrating this with £} (o) and using (76), we find

A = / drE;(0)f(0) (88)
Putting this into (87) we find
=Y B0 [ ArENS@) . 69

pn>0

which means that one also has a completeness relation for
half of the basis with v > 0:
=2 Bl

u>0

riy8(0—0) (90)

Obviously the same property is valid for the second half of
the basis with v < 0.

5.2 Two-point functions

We have to deal with a conformally invariant function
A(1]1"), where, as introduced in the previous sections, the
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arguments refer to pairs of the pomeron coordinates. Using
half of the conformal basis we present A by

A1)y = > BEu( (1A,
w,p' >0
=> Y E.()E ()AL, (91)
©>0 /<0
where we use
Ey (@) =E_n_vry(0)- (92)

Our aim is to see which properties 4, ,/ should have for
the function A(1,1’) to be conformally invariant. Since
Envro(T1,72) = En yro+a(r1 +a,r2 +a) the translational
invariance requires A, to depend only on the differ-
ence ro — 1 = roo/- Under inversion the expression to be
summed over p > 0 and ¢’ < 0 changes as follows:

! s !
—1—n+42iv, s —1-n"+2iv Too’
A (rogr) = 7 Ty (a.f)A, rort )
0

(93)

Here and in the following (a.f.) means ‘antiholomorhic fac-
tor’; that is, the complex conjugate of the preceding factor.
Invariance under inversion requires that

Too’ 1+n 2iv /1+n —2iv/
A,u,/.:,’ ( ’ > 0 (a.f.)AML

rorl ! (7"00') ~

(94)

However the left-hand side only depends on the product
rory, so in the right-hand side we are obliged to have ei-
ther n =n’ and v =" or A,/ (ror) o< §(rgpr ). Since v and
v’ have opposite signs, the first alternative cannot be real-
ized. With A,/ (roor) o< 0(rgor ). We find that n+n' =0 and
v+v' =0, so0 that

Amz’ = 5n,—n’5(y =+ V/)(S(TOOI)CLTWA”V = 5%[1/14# s (95)
where i = p(n — —n,v — —v), and we defined 4, = 4,
with the factor a,, separated for convenience. As a result
the double sum in (91) transforms into a single one:

= B()E:(1) A =Y B ()E; (1) Ay,

u>0 n>0
(96)

A(1]1)

where i = pu(n — —n,v — —v). A similar form with sum-
mation over 4 < 0 can be obtained in the same manner.
Representation (96) or a similar one with a sum over p <0
is valid for any conformally invariant two-point function.
Note that taking an average of the sums over p > 0 and
1 < 0 one obtains a similar representation in terms of the
whole overcomplete basis, which is in a standard way used
for the BFKL Green function g(z, 2’).

Now suppose we have conformally invariant functions
B(1]1’) and C(1,1’) and form a conformally invariant
integral:

A1) = / dr"BA")C(1"|1). (97)
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Each of the three functions A, B and C has the repre-
sentation (96) with conformal coefficients A,,, B, and C,.
Doing the integration with the help of the orthonormaliza-
tion properties of the basis functions E,, with > 0, we find

A1) =) E.(1 B.C. =Y E,(1)E;(1)A,,

pn>0 ©>0
(98)

which means that in the conformal representation (96)

A,=B,C,. (99)
Applying this result to the Dyson equation (58) in the
w representation, we immediately find

qu = gw/.l, - gw,u,zwp,éwu . (100)
So, both the energy w and conformal quantum numbers p
of the pomeron are conserved in the interaction and its full
Green function in the conformal basis is trivially expressed
via its self-mass:

~ 1 1

Gw,u, == or Gw# = 1/gwu _’_liz‘wu

N . (101
l/gwu"‘zwu ( )

In (101) the free pomeron Green function g in the confor-
mal basis is given by

2 1
Jup = . (102)

lny w—wWny

5.3 Three-point functions

For a three-point function the expansion similar to (96)
reads

rQ1)2,3) =

Y. Bu

n1,p2p03>0

(VE,,(2)E,, (3,

H1lpops o
(103)

where the intermediate c.m. coordinates are R;, Ry and
R3. Conformal invariance allows one to determine the de-
pendence on them of I, |,,u,- Translational invariance
requires I}, |u,,, to depend only on the differences Ri
and from the scale invariance such a dependence should be
a power one. So, we seek

I

12 P&23 PA31
w1 lpops = Rl R23 R31 (a’ f)r; ) nivi|ngransrys - (104)

After inversion we find an extra factor in the sum (102):

2 age— 1-nq+2i -
RyZT T esttlomib2in g f )e—imim

(105)

times two similar factors which are obtained from (104) by
cyclic permutations of 123 and conjugation. Invariance re-
quires that each power is zero and that the sum n; +nqs +
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ns be even. We get six equations to determine the «. Their
solution gives

1 1 .
Qg == o+, (n2 —m —na) +i( —va+13),

1 1 .
a23:_2_|_2(n1+n2+n3)_1(y1—|—1}2+1/3),

1 1 .
as =~ + 2(n3—n1—n2)+1(V1 +v2—v3) (106)

and similar expressions for the powers in the antiholo-
morhic factor of the & with n; — —n;.
For the free vertex I'(®) given by (68), we have

(0)

plpzps Viipaps »

(107)

where again i = u(n — —n,v — —v) and the vertex
Vi1 po s has been introduced by Korchemsky [22]:

V /d27“1d27“2d27“3
wipap3 = 2.2 .2
T127T23731
X Eﬂl (7‘1, TQ)E“Q (7‘2, T3)Eﬂ3 (7“3, 7“1)
_ ij * —A;;
= 9(h1,h27h3)HTo 0; To,0; 7>
i<j

with A1y = hq + ho — hs etc.

(108)

6 X' and I in the conformal basis

To illustrate the simplifications introduced by the transi-
tion to the conformal basis in this section we study the
pomeron self-mass and triple interaction vertex in this ba-
sis.

In a shorthand notation for the gluon coordinates
1= (ry,71) the pomeron self-mass is given by

4772
(l|1 8aN /dwl/

x ) (1|2 3)G., (212G

dr(2')dr(3)
w—wy (313N Ty (2,3'117) .
(109)

The actual number of integrations is in fact smaller
due to the d-functions in the conformal vertex I'(¥) de-
fined by (68). We expand both the Green function and
the vertexes in the conformal basis with p >0 (see (96)
and (103)). In the following, we also suppress the w-
dependence to economize on subindexes. We have

G(212') =) GuE.(2)E;(2), (110)
pu>0
GBI =Y GuE.B3)EL®3), (111)
n'>0
0 _ (0) . .
rowes)= Y r).,..EaOE,QE;(3),
n1,p2,43>0
(112)
re )=y Lo s B (V) By () B (3))
Wy sualy 1 >0
(113)
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Integrations over the gluon coordinates are done with the
help of (76) and give the product of -functions

@y Opapy 5##’ Opt ug‘su’uy,/ :
So, we find
4N2
Z](172|1/72/) = 8a52 ¢ / dah
™ 2mi
(0)
x Z Fm\uu GuGuw Iy, Iu/E (1 )Eﬂ/l(l/)
B s
- Z S Em(l)EZ/l(ll), (114)
w1spy
where
b . 8013]\762 dwq a.G
RICER 2mi Z Mlu w TR ! |
(115)

and the suppressed dependence on w is obvious from its
conservation at the vertexes. Thus we have found for

X(1,2]1',2") an expansion in the conformal basis (91).
From its conformal invariance it follows that
sy, = Oty P (116)

where X, is the desired pomeron self-mass in the conformal
representation. It can be found from (115) after summation
over p}. This gives

8a4N2/dw1 Jal)
w2 27

Blp1,p2

Y=

>

H1,H2,K3

Gm Guz FH17#2\H3 :
(117)

The sum over u;, ¢ = 1,2,3 includes integrations over
the three c.m. coordinates R; on which only the vertexes
depend. We get an integral depending on the four confor-
mal weights:

Ty ialhg = / d2R; d2Ry d2Rs RS RS
x ROPRSP RSP RS (af) . (118)

Here Ry is arbitrary since the integral is independent of it.
The powers are given by

1 1 .

a01:—2—|—2(7’L1—7’L2—n)+1(y2_yl_y)7
1 1 .

oz ==+, (m+natn)—i(a+ri+v),
1 1

oz ==, = (m1+n2+n5) +i(va+v1+5),
1 1 .

g1 = =+, (n2 = n1+ng) +i(v — vz —vy)

and ago and ago are obtained from cg; and as; by inter-
changing 1 <> 2. The integral (118) is convergent both in
the infrared and ultraviolet. However, its calculation does
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not look simple. Once this integral is known, the self-mass
in the conformal basis is given by a sum over three confor-
mal weights:

8aiN2 [ duw;
o) =" /27ri

T E : Ih|h17h2|h3971,h17h2

hi,h2,h3
X Ghl (wl)GhQ (w - wl)Ffll,EQ‘hg (w7 W]_) .

(119)

Here we made explicit the w-dependence introducing it in
the arguments; {2 is the Korchemski vertex (107), I, 7,1,
is defined by (104) and ) _,, is given by (74) without integra-
tion over rq.

In the same manner one can obtain expressions for
the vertex part I'. We shall limit ourselves to the ‘three-
gamma’ approximation, (79). As before we expand the
vertex parts and Green functions in the conformal basis.
Suppressing again the w-dependence, we have

Y Dy Ba()Ey

13,1, 1l >0

Z Fu2u2

11 oy _ 1Y "
F(1|l72)_ (1 )Eﬂg(2)’

(2,34 = By (1) By (2)E,y (37),

12,1ty iy >0
r(s",6"|1) = T iy Bl (DB, (5") B, (67),
w1,y >0
1//|6// Z G#4Eﬂ4 1" E* (6”),
Ha>0
G(2// 3// Z G,U,5E,u,5 (2//)E;5 (3//) ,
H5>0
4//|5// Z GHGEHG 4// E* (5//)'
He>0

Integrations over the double primed coordinates will give
six d-functions in p. So finally we are left with six summa-
tions over u;, 1 =1,...,6. The result can be presented in
the form (with w-dependence suppressed)

Z Fuzﬁug\mEZl(1)Eu2(1l)Eu3 (2/),

H1,p2,p03>0

ra, 2=

(120)

where

l

H3

I :F(O) 80[3NC2 / dwl

p2,p3|p1 p2smp3lur g2 271

X E lueFu:a|u4,u5Fu2,u5|u6Fu6,u4lu1 Gu4Gu5Gu6

a5 516 >0

(121)

is the desired vertex part in the conformal basis. Its depen-
dence on the c.m. coordinates R;, i =1, 2, 3, is determined
according to (104). The bare vertex I” (2)’“3“” is here given
by the formula analogous to (107).

In (121) summations over y;, i = 4, 5, 6, include integra-
tions over the c.m. coordinates R;, i = 4,5, 6. In the inte-
grand the R-dependence comes only from the vertex parts
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and in its turn is defined by (104). Thus the expression
Inihohslhahshe = Biz 2 Ryg t Ryg™?
< / dRyd Ry d Re RIS RIS RO45 RO
X RIASRyGC RZ RoZS RoP (af), (122)

where all o are determined by formulas similar to (106)
(see Appendix B), is independent of the c.m. coordinates
R;,i=1,2,3 and depends only on the conformal weights.
So the part of the vertex depending on conformal weights
will satisfy the equation (with w-dependence restored in
the arguments)

Fh2,h3|h1(w7w/):Q(hlaﬁ%}_l:%)_ h3

8a§N3/dw1l

2 2mi

XD IngInanohglnanshe Dhaihans (@, w1)
h4,h5,h6>0
X th,h5|h6 (LU —Wwi,w _w/) th,h4|h1 (LU,UJl)
X G, (w1)Ghy (W —w1) Ghg(w—w1) .
(123)

7 Conclusions

We have presented a formalism which allows one to study
the interaction of pomerons in the QCD with N, — oo
using the standard methods of quantum field theory. In
particular, we constructed the Schwinger—Dyson equations
which sum the diagrams for the full pomeron Green func-
tion (the “enhanced” graphs in the terminology of the
old Regge—Gribov local supercritical pomeron model) and
carry information of the ‘physical’ pomeron as compared to
the ‘bare’ one.

Conformal symmetry of the theory leads to certain sim-
plifications. As a result we obtain a picture very similar
to the old Gribov local supercritical pomeron. The differ-
ence is reduced to an (infinite) number of pomerons with
varying n = 0,42, +4, ... and the more complicated form
of the ‘energy’ w,, as a function of v, which plays the
role of the pomeron momentum in the old theory, and
of the bare triple pomeron vertex, which now depends
both on n and v. If, however, one selects the supercritical
pomeron with n = 0 and small values of v, the formal sim-
ilarity becomes almost complete, since the energy becomes
a quadratic function of v and the bare vertex then reduces
to a well-know constant [22]. Unfortunately, with this simi-
larity also the problems of the old theory, mentioned in the
Introduction, return together with the question of the in-
ternal consistency of the model. At present we do not know
the answer to this question and leave it for future studies.

Appendix A: Color factors

Let the color wave function of a pair of gluons be |ab),
where a,b=1,... , N2 — 1. Then the vacuum color state is
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obviously
1
0)= g Dloah=Plab, (A
where
L (A.2)

BV

is the projector onto the vacuum color state.
The color structure of the vertex for the transition
2 — 4 reggeized gluons, with initial and final color variables
a1,b1 — ag, by, as, bs is given by the expression
V.= fa1a20f0b2dfda3€f€bsbl . (A3)
We want the projection of this color vertex onto the three
vacuum color states formed by the gluons with colors a1 b1,
a2by and agbs. Applying the three corresponding projec-
tors P;, P> and Pj5, we obtain

P2P3‘/CP1 — f(lI(lQCfcanfda3€f€a3a1

(N2 =12
NE
= (Ng o 1)3/2 5(11(15(11(1
N2

= ¢ ~ N,. A4
P (A4

Note, however, that the quarks quark loop which rep-

resents the external source has as its color factor d,, =

/N2—1P ~ N.P, so that each external source con-

tributes a factor N,.

Appendix B: Powers in (122)

We have
1 1 .
a12:_2‘|‘2(”14—”3—”2)"’1(”2_”3_'/1)’
1 1 .
a13:_2_|_2(n1+n2_n3)+1(y3—1/2—1/1),
1 1 .
Qg3 ==, = (n1+natng) iy +ra+vs),
1 1 .
a34:—2+2(714—715—”3)"‘1(”5_’/4"‘”3)7
1 1 .
a35:_2_|_2(n5_n4_n3)+1(y4—1/5+1/3),
1 1 .
a45:—2-|—2(n4—|—n5+n3)—1(1/5+1/4+’/3)a
1 1 .
a16__2_|_2(n1+n4—n6)—|—1(V6—1/4+V1)7
1 1 .
a14__2_|_2(n1+n6—n4)—|—1(V4—1/6+V1)7
1 1 .
a46:—2 — 2(n1+n4+n6)+1(V6+V4+V1)a
1 1 .
onG=—2—I-2(n2+n5—"6)+1(V6_V5_V2)’
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1 1 .
a25:—2‘|‘2(n2+n6_n5)+1(y5_yﬁ_y2)7
1 1 .
a56:—2— 2(n2+n5+n6)+1(1/6+1/5+1/2)-
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